Introduction {#Sec1}
============

Nonrelativistic electron vortex beams carrying orbital angular momentum (OAM) have recently been studied and are well-understood using the paraxial approximation of the Schrödinger equation^[@CR1]--[@CR6]^. The wavefunction of a nonrelativistic electron vortex includes a phase singularity factor, $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi $$\end{document}$ is the azimuthal angle around the axis of the vortex, and the electron vortex beam can carry orbital angular momentum of $\documentclass[12pt]{minimal}
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                \begin{document}$$l$$\end{document}$ is an integer known as the topological charge^[@CR1]^. As the energy of electron vortex beams reaches the relativistic regime of 200\~300 keV^[@CR1],[@CR2],[@CR7],[@CR8]^, the validity of the interpretation of the rotational motion of the high-energy electrons in the experiment as a relativistic electron vortex is questioned^[@CR9]--[@CR15]^.

To understand such relativistic electrons, one should use the Dirac equation^[@CR16]^, which successfully describes relativistic electrons, instead of the Schrödinger equation. However, in the usual Dirac theory, the spin angular momentum and orbital angular momentum of an electron are not separately conserved unlike in the Schrödinger theory. As a result, Bialynicki-Birula *et al*. proved the assertion that any acceptable solutions of the Dirac equation cannot be eigenstates of the (usual) Dirac OAM, and showed that the vortex lines continuously smeared out into all space for their exponential solutions, which become the standard vortex wavefunction in the nonrelativistic limit^[@CR12]^. This raised the question of whether a relativistic vortex can be generated from high-energy electron beams. In contrast, Barnett^[@CR13]^ argued that relativistic electron vortices with a well-defined OAM and phase singularity truly exist using the so-called Foldy-Woutheysen (FW) representation^[@CR17]^ in which the vortex charge is related to the eigenvalues of OAM, as is the case for nonrelativistic vortices.

The controversal results of Bialynicki-Birula *et al*. and Barnett^[@CR12],[@CR13]^ originated from the use of different spin and OAM operators as relativistic operators, as indicated by Bliokh *et al*.^[@CR18]^. Explicitly, Bialynicki-Birula *et al*. used the usual Dirac spin and OAM operators, but Barnett used the FW mean spin and the FW mean OAM operators. Essentially, such other choices are due to a lack of understanding of relativistic operators. As an unsolved fundamental issue, obtaining a proper relativistic spin operator for massive spin-1/2 particles has been a long-standing problem from the beginning of relativistic quantum mechanics^[@CR17],[@CR19]--[@CR27]^. Many discussions have attempted to suggest possible proper description of spin for massive elementary particles.

Recently, two of the present authors, i.e., Choi and Cho^[@CR28]^ rigorously derived a spin operator for the Dirac field that transforms covariantly under the Lorentz transformation. We call this spin operator the new spin operator to distinguish it from the other spin operators such as the Dirac and the FW mean spin operators. The new spin operator was shown to be the generator of the *SU*(2) little group of the Poincaré group and admits a representation of the Poincaré group extended by the parity (space inversion) in which the Dirac spinor resides. Additionally, the Lorentz boost represented by the new spin operator can provide a representation of the parity operator from which the covariant Dirac equation is derived. In view of theoretical consistency and completeness, the new spin operator representing the parity-extended Poincaré group is compelling as a proper relativistic spin operator. Furthermore, based on the consistent relativistic description of massive particles, the new spin operator can be effectively defined as a particle spin operator and an antiparticle spin operator according to the action of the spin on the particle state and the antiparticle state, respectively (Table [1](#Tab1){ref-type="table"}). Straightforwardly, the particle spin operator was also shown to be equal to the FW mean spin operator^[@CR28]^.Table 1Table of the properties, operator-representatives, and relations of the new spin **S**~*N*~, the particle spin **S**~*P*~, and the antiparticle spin **S**~*AP*~.$\documentclass[12pt]{minimal}
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Since each suggested spin operator has its own strengths and weaknesses, Bauke *et al*.^[@CR27]^ have suggested various electromagnetic environments to experimentally distinguish between the proposed relativistic spin operators. However, their experimental setup used electromagnetic interactions that would require a nontrivial change in the spin operators with momentum dependence by gauge coupling. On the other hand, a relativistic vortex can be generated from free electrons. The conflicting results of two recent works in refs. ^[@CR12],[@CR13]^. mainly originating from using different relativistic operators motivate us to ask whether the problem of the proper spin and its corresponding OAM operators is related to the singular behaviour of relativistic vortex beams that can be determined experimentally.

In this study, we consider the two sets of operators, i.e., one set consisting of the new spin and OAM operators and another set consisting of the Dirac spin and OAM operators, because only two spin operators are derived from the parity-extended Poincaré group, i.e., the space-time symmetry^[@CR28]^. For nonrelativistic electron vortices, we expect that the conserved OAM is essential to the existence of singular vortices. Because of Zitterbewegung^[@CR29]^, expected for the Dirac position operator, the Dirac OAM is not a constant of motion. On the other hand, the particle position operator, which is obtained by a projection onto the particle subspace of the Dirac spinor space from the new position operator, shows no Zitterbewegung and, as a result, leads to conserved particle OAM. These different properties of the two kinds of position operators create different anticipations for the singularity of relativistic electron vortices and their experimental tests. The projected operators recently studied in ref. ^[@CR3]^. will not be considered explicitly, because the projected operators will laed to the same results as the Dirac operators due to the fact that the expectation values of the projected operators are the same as those of the corresponding Dirac operators for electrons.

Results {#Sec2}
=======

Dirac spin and orbital angular momentum {#Sec3}
---------------------------------------

In this section, for a clear comparison with the new spin and the corresponding OAM in the study of a relativistic vortex, we will briefly review the original Dirac theory^[@CR16]^. As introduced by Dirac^[@CR16]^, the total angular momentum is the sum of the Dirac spin$$\documentclass[12pt]{minimal}
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The commutator of the Dirac OAM and the Dirac Hamiltonian in Eq. ([4b](#Equ5){ref-type=""}) is not zero because the Dirac velocity operator $\documentclass[12pt]{minimal}
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                \begin{document}$$i[{H}_{D},{{\bf{r}}}_{D}]=\alpha $$\end{document}$ is not proportional to the momentum **p**. This suggests that the existence of Zitterbewegung^[@CR29],[@CR30]^, which is fast trembling motion first observed by Schrödinger, is closely related to the non-conservation of the Dirac OAM.

The Dirac Hamiltonian ([2](#Equ2){ref-type=""}) gives the following well-known four solutions:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{array}{ll}{u}^{1}({p}^{\mu })=\frac{1}{\sqrt{2m(E+m)}}(\begin{array}{c}E+m\\ 0\\ {p}^{z}\\ {p}^{x}+i{p}^{y}\end{array}), & {u}^{2}({p}^{\mu })=\frac{1}{\sqrt{2m(E+m)}}(\begin{array}{c}0\\ E+m\\ {p}^{x}-i{p}^{y}\\ -\,{p}^{z}\end{array}),\\ {u}^{3}({p}^{\mu })=\frac{1}{\sqrt{2m(E+m)}}(\begin{array}{c}-\,{p}^{z}\\ -\,{p}^{x}-i{p}^{y}\\ E+m\\ 0\end{array}), & {u}^{4}({p}^{\mu })=\frac{1}{\sqrt{2m(E+m)}}(\begin{array}{c}-\,{p}^{x}+i{p}^{y}\\ {p}^{z}\\ 0\\ E+m\end{array}),\end{array}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${p}^{\mu }=(E,{\bf{p}})$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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The new spin and corresponding orbital angular momentum {#Sec4}
-------------------------------------------------------

Recently we derived the covariant spin operator of the parity-extended Poincaré group whose eigenstates provide the representation corresponding to a free massive elementary field with spin *s*^[@CR28]^. The representation space of the parity-extended Poincaré group for free massive spin-1/2 fields is the four-spinor space in which the usual Dirac particle and antiparticle spinors reside^[@CR28],[@CR31]^. In this section, we introduce the covariant spin operator as the new spin operator and the corresponding OAM in association with the new position operator.

The new spin operator was originally constructed by the generators of the Poincaré group; however to compare the differences between the new spin and the Dirac spin explicitly, it is convenient to represent the new spin operator in the Dirac four-spinor space by using the Dirac spin operator as^[@CR28]^$$\documentclass[12pt]{minimal}
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The following two fundamental dynamical equations were derived for a free massive spin-1/2 particle and antiparticle from the property of the parity operation^[@CR28]^$$\documentclass[12pt]{minimal}
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There are two positive energy and two negative energy solutions for each of Eqs. ([8a](#Equ9){ref-type=""}) and ([8b](#Equ10){ref-type=""}). Among these 8 solutions, the two particle eigenspinors are the same as $\documentclass[12pt]{minimal}
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**R**~*N*~ satisfies the same commutation relations as those of the Dirac position operator, i.e, $\documentclass[12pt]{minimal}
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Subsequently, the velocity operators for the particle and the antiparticle are determined as$$\documentclass[12pt]{minimal}
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Existence of singular relativistic vortices and its implication {#Sec5}
---------------------------------------------------------------

In the nonrelativistic case, free electron vortex states (with a phase singularity) carry a well-defined OAM, which requires the conservation of the OAM^[@CR1],[@CR2],[@CR33]^. It is natural to expect that the conserved OAM is also essential for the existence of singular relativistic electron (Dirac particle) vortices. As studied in the previous sections, because of the Zitterbewegung of the Dirac position operator, the Dirac OAM is not conserved as shown in Eq. ([4b](#Equ5){ref-type=""}). In constrast, the particle position operator shows no Zitterbewegung and, as a result, gives the conserved particle OAM in Eq. ([20a](#Equ24){ref-type=""}). Therefore, the eigenstates of the particle OAM operator would compose the eigenstates of the particle Hamiltonian with a well-defined particle OAM such as those of the nonrelativistic case, but this is not the case for the eigenstates of the Dirac OAM. This raises the question: "could the existence of a singular relativistic vortex in an experiment be a probe for proper spin and position operators?" We call this question the'which operator question'. To answer the'which operator question', a specific solution for relativistic beams is needed. Here, we focus on a Dirac particle (electron), because the reasoning for an antiparticle (positron) is parallel to that of a particle and straightforward.

Let us first consider the particle spin and the particle OAM, which admit the vortex solutions with well-defined OAM. We assume the relativistic beam to be paraxial, which propagates mainly along $\documentclass[12pt]{minimal}
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One should be careful to calculate the expectation values of the operator in the FW representation to maintain the physical equivalence between the original representation and FW representation for superposition states with different momenta, because $\documentclass[12pt]{minimal}
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The singularity of the vortex is encoded in the rotational property of the velocity around the propagating direction. The expectation value of the particle velocity operator in Eq. ([19a](#Equ22){ref-type=""}) at **x**, which we call the particle velocity at **x**, is written as$$\documentclass[12pt]{minimal}
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This particle velocity at **x** describes that electrons move along the *z*-direction with spiral circular motion, which represents the singular vortex motion along the *z*-axis. This result shows that the relativistic vortex solution interpreted by the particle velocity supports the singular vortex like the nonrelativistic vortex with the following circulation^[@CR14],[@CR15]^$$\documentclass[12pt]{minimal}
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Next, we study the singularity of the vortex solutions in Eq. ([28](#Equ35){ref-type=""}) by using the Dirac position and the Dirac velocity. The Dirac velocity at **x** is obtained as (Methods 0.2)$$\documentclass[12pt]{minimal}
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                \begin{document}$$|{p}^{z}|\gg |{p}^{x}|,|{p}^{y}|$$\end{document}$, which can also be expected from the eigenspinors in Eq. ([5](#Equ6){ref-type=""}). Similar to the particle velocity, the Dirac velocity at **x** indicates that electrons move along the *z*-direction with a spiral motion. However, in contrast to the particle velocity, the spiral motion described by the $\documentclass[12pt]{minimal}
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For a comparison with the circulation of the particle velocity Γ~*P*~, we plot the circulation of the Dirac velocity Γ~*D*~ as a function of twice the Dirac spin orientation $\documentclass[12pt]{minimal}
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                \begin{document}$$l$$\end{document}$ in Fig. [1(b)](#Fig1){ref-type="fig"}. Figure [1(b)](#Fig1){ref-type="fig"} clearly shows that Γ~*P*~ does not depend on the Dirac spin orientation, but Γ~*D*~ depends on the Dirac spin orientation. If the Dirac spin is unpolarized or the Dirac spin orientation is in the $\documentclass[12pt]{minimal}
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                \begin{document}$$xy$$\end{document}$-plane perpendicular to the propagating direction of the electron beam, Γ~*D*~ is the same as Γ~*P*~. However, compared with Γ~*P*~, Γ~*D*~ can be stronger if the angle between the Dirac spin orientation and the propagating direction of the electron beam is obtuse or weaker if acute. In particular, if the Dirac spin orientation is parallel to the propagating direction of the electron beam, the spiral circular motion of the electron beam disappears, i.e., Γ~*D*~ = 0 (Fig. [1(b)](#Fig1){ref-type="fig"}).Figure 1(**a**) Schematic diagrams of spin-polarized paraxial beams for the particle velocity (left) and the Dirac velocity (right). (**b**) Spin-orientation dependence of the circulations of the particle velocity Γ~*p*~ and the Dirac velocity Γ~*D*~. This clearly shows the independence on the Dirac spin orientation for the particle velocity and the strong dependence on the Dirac spin orientation for the Dirac velocity.

The Dirac velocity may be distinguished from the particle velocity experimentally by the characteristic spin orientation-dependent property. In particular, in order to answer the'which operator question', for instance, two different setups can be considered in using spin-polarized electron beams moving along the $\documentclass[12pt]{minimal}
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                \begin{document}$$z$$\end{document}$-direction in relativistic vortex experiments. In one setup, the spin is antiparallel to the propagating direction, and in the other setup, the spin is parallel to the propagating direction. As discussed in Fig. [1(b)](#Fig1){ref-type="fig"}, for the particle velocity, the two setups will give the same vortex structure independent of the spin. However, for the Dirac velocity, the two setups will give very different observations of electron beams; i.e., the antiparallel spin gives spiral circular currents leading a vortex structure, but the parallel spin gives non-spiral circular currents resulting in no vortex structure. The probability current given by the particle velocity in Eq. ([35](#Equ42){ref-type=""}) forms a whirlpool around the singularity, but the current given by the Dirac velocity in Eq. ([37](#Equ44){ref-type=""}) with spin parallel to the propagating direction does not form a whirlpool. The probability density in Eq. ([33](#Equ40){ref-type=""}) shows typical behaviour near the phase singularity^[@CR1]^. The magnetic field induced by the whirlpool motion can be detected in an experiment. Thus, whether the non-vortex structure exists can play the role of a smoking-gun in distinguishing which ones can be proper relativistic operators. Consequently, distinguishable experimental observation results of a relativistic vortex in such two different setups could provide a clear answer to the question regarding proper relativistic observables, i.e., position, spin, and OAM. In addition, such an experimental answer to the long-standing question regarding proper relativistic observables could also provide reliable evidence to clarify whether Zitterbewegung is a real physical effect. Similar results are expected in relativistic proton and positron vortices for the new operators using parallel logic.

Conclusion {#Sec6}
==========

We have studied the singularity of relativistic electron vortex beams using two different sets of relativistic operators. The first set includes the particle position, spin, and OAM operators that admit well-defined OAM $\documentclass[12pt]{minimal}
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                \begin{document}$$l$$\end{document}$ for an LG vortex solution in the FW representation. The particle operators predict a singularity in the circulation of the inverse FW transformed relativistic LG vortex solution to the original representation, which shows the same feature of the Schrödinger nonrelativistic vortex. The second set consists of the usual Dirac position, spin, and OAM operators by which the spin orientation-dependent singularity of the same vortex solution is anticipated.

It was predicted that spin seems to have little effect in the study of a relativistic electron vortex beam for typical parameters in state-of-the art transmission electron microscopy experiments based on the estimation of the particle density $\documentclass[12pt]{minimal}
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                \begin{document}$${\psi }^{\dagger }({\bf{x}})\psi ({\bf{x}})$$\end{document}$ in Eq. ([33](#Equ40){ref-type=""}) for the physical region, i.e., $\documentclass[12pt]{minimal}
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                \begin{document}$$1/m < \rho  < w/\sqrt{2}$$\end{document}$, of interest to us. However, in sharp contrast to the behaviour of the particle density $\documentclass[12pt]{minimal}
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                \begin{document}$${\psi }^{\dagger }({\bf{x}})\psi ({\bf{x}})$$\end{document}$ in the paraxial regime, as discussed in the Results, the behaviours of the particle velocity and the Dirac velocity exhibit crucial differences due to the spin. Then, we discussed a possible experimental setup to probe a proper set of relativistic observables based on the very different predictions from the two sets of relativistic operators for the singularity of the LG vortex solution. Especially for a paraxial electron beam with spin parallel to the propagating direction, it could be experimentally distinguished that for the Dirac operators, singularity- and vortex-like motion do not exist, but for the particle operators, a singular vortex exists. Therefore, such spin-polarized relativistic electron vortex beam experiments could provide an answer to the question: which relativistic observables are proper?

Methods {#Sec7}
=======

Equivalent expressions between the original and the FW representation {#Sec8}
---------------------------------------------------------------------

### New spin, particle spin and antiparticle spin {#Sec9}
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The first line of the above equation corresponds to the same relation in ref. ^[@CR23]^.

### Useful expressions {#Sec10}

Let us consider the Fourier transformation in the original representation$$\documentclass[12pt]{minimal}
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Then the state in the FW representation becomes$$\documentclass[12pt]{minimal}
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The particle velocity and the Dirac velocity {#Sec11}
--------------------------------------------

Let us calculate the numerator of the particle velocity operator:$$\documentclass[12pt]{minimal}
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The *x*-component of the above term for the LG solution becomes$$\documentclass[12pt]{minimal}
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This term can also be ignored for the physical vortex region, when compared to the term in Eq. ([51](#Equ60){ref-type=""}) with order $\documentclass[12pt]{minimal}
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Next let us calculate the numerator of the Dirac velocity:$$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{array}{c}\frac{1}{2m}[i\nabla {\psi }_{FW}^{\dagger }({\bf{x}}){\psi }_{FW}({\bf{x}})-{\psi }_{FW}^{\dagger }({\bf{x}})i\nabla {\psi }_{FW}({\bf{x}})]\\ \,\approx \,{\left(\frac{{d}_{0}(l)}{{w}^{|l|+1}}\right)}^{2}{\rho }^{2|l|-2}\left(-\frac{ly}{m},\frac{lx}{m},\frac{{p}_{0}}{m}{\left(\frac{{d}_{0}(l)}{{w}^{|l|+1}}\right)}^{2}{\rho }^{2}\right).\end{array}$$\end{document}$$

And the 2*m*(second term) becomes$$\documentclass[12pt]{minimal}
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The expectation value of the *z* TEXT-component of the operator r × *α* {#Sec12}
-----------------------------------------------------------------------

The expectation value of the *z*-component of the operator **r** × *α* is calculated as follows$$\documentclass[12pt]{minimal}
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